In this paper, we study the non-leptonic B c → J/ψV and B * c → η c V (V = ρ , K * ) weak decays in the framework of QCD factorization. In the evaluation, the form factors are calculated by using the Bauer-Stech-Wirbel model and the light-front quark model, respectively. Besides the longitudinal amplitude, the power-suppressed transverse contributions are also evaluated at next-to-leading order. The predictions for the observables of B c → J/ψV and B * c → η c V decays are presented. We find that the NLO QCD contribution presents about 8% correction to the branching ratios, and the longitudinal polarization fractions of these decays are at the level of (80 ∼ 90)%. In addition, we suggest direct measurements on some useful ratios, R Experimentally, the production of B c and B * c mesons in hadron collisions is relatively rarer than the other b mesons [5] . However, thanks to the rapid development of the experimental technology, their weak decays are still hopeful to be observed soon. c mesons have abundant weak decay channels, and thus provide a fertile ground for testing the SM and studying the relevant dynamical mechanism, for instance, the perturbative and nonperturbative QCD, final state interactions and heavy quarkonium properties, etc.. In the past years, some theoretical investigations have been carried out on the properties of B c meson decays based on the QCD-inspired approaches, for instance, the operator product expansion [21, 22] , the QCD sum rule [26] [27] [28] [29] , the nonrelativistic QCD [30] , the naive factorization (NF) [31] , the pQCD factorization [32] [33] [34] [35] [36] [37] [38] , the QCD factorization (QCDF) [39] [40] [41] [42] , the QCD relativistic potential models [43, 44] and the Bethe-Salpeter method [45, 46] .
Introduction
The B c and B * c mesons are the ground states of the (bc) system having the total angular moment and parity quantum number, J P = 0 − and 1 − , respectively [1] . The heavy bc state is first discovered by CDF collaboration via the semileptonic weak decay B c → J/ψ ν with J/ψ decaying into muon pairs [2] , and has soon attracted much attention due to its interesting properties. The B c and B * c mesons are the "double heavy-flavored" binding systems, and share many features with the heavy quarkonia. In particular, their weak decays provide windows for testing the predictions of the standard model (SM) and can shed light on new physics scenarios.
Because the mass of B c meson lies below the BD threshold, B c meson cannot annihilate into gluons via strong interaction, and its decay is dominated by the weak interaction. As to the B * c meson, Ref. [3] has made predictions for its mass that m B * c − m Bc 54 ± 3 MeV, which is less than m π . Moreover, the mass of B * c lies below the BD mesons threshold too. As a consequence, the B * c meson also can not decay through the strong interaction but through the flavor-conserving electromagnetic transition and flavor-changing weak transition. The radiative decay mode B technology, their weak decays are still hopeful to be observed soon. At the Large Hadron Collider (LHC) with a luminosity of about L = 10 34 cm −2 s −1 , around 5 × 10 10 B c events can be produced per year [6] , and the measurements of the mass and lifetime of B c meson have
reached a very precise degree, for instance, m Bc = 6276.28 ± 1.44 ± 0.36 MeV [7] and τ Bc = 513.4±11.0±5.7 fs [8] reported by the LHCb collaboration. Benefiting from the large production rate at LHC, some B c decay channels have been observed by LHCb collaboration, for instance:
the B + c → J/Ψπ + π − π + [9] , Ψ(2S)π + [10] , J/ΨD ( * ) s [7] , J/ΨK + [11] , J/ΨK + K − π + [12] and [16] etc.. In the near future, more B c weak decays are expected to be measured at LHC with its high collision energy, high luminosity and the large production cross section [17] [18] [19] [20] . In addition, some B * c weak decays are also possible to be observed in the future even though there is no experimental information for now. 
where G F is the Fermi coupling constant, and V cb V * uq is the product of CKM matrix elements. The Wilson coefficients C 1,2 (µ) summarize the physical contributions above the scale of µ and are calculable perturbatively [56] ; Q 1,2 are the corresponding local four-quark operators defined as
where α and β are color indices and the sum over repeated indices is understood. Then, the remaining work is to calculate accurately the hadronic matrix elements of the local operators between initial and final states.
In order to take the QCD corrections into account, the QCDF approach is employed in this work. In this approach, the hadronic matrix element can be written as the convolution integrals of hard scattering kernel and universal light-cone distribution amplitude (LCDA) [47, 48] ,
where the transition form factor F B ( * ) c →M 1 j and LCDA Φ M 2 (x) of the emitted meson are universal nonperturbative inputs; while, the hard scattering function, H ij (x), is calculable order by order through perturbative QCD theory. It is noted that such factorization formula is valid only when the the "emission particle" M 2 is light [48] . Then, using the factorization formula, Eq. (4), the helicity amplitudes can be written as
where λ = 0, ± denotes the helicity of V meson.
In Eqs. (5) and (6), H λ and H λ are the product of matrix elements of the current operators,
c . The current matrix elements can be factorized by the decay constant and form factors, which are defined as
for the vector meson,
for the B c → J/ψ transition, and 
where the first two terms are the contributions of tree diagrams, and V λ 1 is the vertex function obtained by calculating QCD vertex diagrams [48] . After calculation, it can be found that only the leading-twist LCDA of emitted vector meson contributes to V 0 1 and twist-3 ones contribute to V ∓ 1 . In the previous works, for instance Ref. [48] , the transverse contributions are usually neglected because they are power suppressed. In this paper, the full contributions, a 
where u is the longitudinal momentum fraction variable of quark in the emission vector meson;
Φ V (u) is the leading-twist LCDA, and conventionally expanded in Gegenbauer polynomials [57, 58] ,
withū
are the twist-3 LCDAs, and given
The loop functions g 0,∓ (u) in Eqs. (17) and (18) read
where
log(c), and Using the decay amplitudes given above, the branching fractions of B c → J/ψV and B * c → η c V decays in the center-of-mass frame of B ( * ) c are defined as
where Γ tot (B c ) and Γ tot (B * c ) are the total decay width of B c and B * c meson, respectively. Along with the branching fraction, the polarization fractions are defined as
where A and A ⊥ are parallel and perpendicular amplitudes, and can be easily obtained through
Form factors in the BSW model and LFQM
The form factors A 1 , A 2 and V as nonperturbative inputs are essential in evaluating H λ and H λ . However, because of lacking the experimental information, we employ two fully developed approaches, Bauer-Stech-Wirbel (BSW) model [49, 51] and light-front quark model (LFQM) [52] [53] [54] [55] , to estimate the values of form factors.
In the BSW model, the form factors could be expressed as the overlap integrals of the initial and final meson wave functions. The form factors, A 0,1 and V at q 2 =0 are written as [49] [50] [51] A Bc→J/ψ 0
with
where σ y,z is a Pauli matrix acting on the spin indices of the decaying bottom quark; x and k ⊥ denote the fraction of the longitudinal momentum and the transverse momentum carried by the nonspectator quark, respectively; m c = 1.7 GeV and m b = 4.9 GeV are the constituent quark masses. The form factor A 2 (0) can be obtained through the relation
The form factors for B * c → η c transition can be obtained through the replacement
and m J/ψ → m ηc . In the evaluation, the orbital part of the meson wavefunction [49, 51] ,
is used, where N M is the normalization factor, and the parameter ω determines the average transverse momentum, k
In order to ensure the reliability of theoretical results, we will use the LFQM in addition to the BSW model to reevaluate the form factors and further compare their results. The LFQM has been fully developed in Refs. [52] [53] [54] [55] . The form factors used in this paper are related to the convention used in the LFQM through
where M 1 and M 2 are the masses of the initial and final mesons, respectively; g(q 2 ), f (q 2 ) and a + ,− (q 2 ) are another set of independent form factors defined by
where P = p 1 + p 2 and q = p 1 − p 2 . At the level of one-loop approximation, the explicit expression of the form factors are given by [60] g(q
where k ⊥ = k ⊥ − xq ⊥ ; A n = xm qn + (1 − x)mq (n=1,2) and B n = −xm qn + (1 − x)mq with q 1,2 = b, c andq =c forB c → J/Ψ transition; M n0 with n = 1 and 2 denote the invariant mass of the initial and final states, respectively, and are written as
In the Eqs. (37), (38) and (39), φ 1,2 (x, k ⊥ ) are the radial wavefunctions of the initial and final states, respectively. In the LFQM and this paper, the general form of Gaussian-type wavefunction is used. It is given by
where β n is the mass scale parameter and can be obtained by fitting to data;
is the longitudinal component; ∂k z /∂x is the Jacobian factor of variable transformation (x, k ⊥ ) → k; N is the normalization constant determined by In order to evaluate the branching fractions of B * c weak decays, the total decay width (or lifetime) Γ tot (B * c ) is essential. However, there is no available experimental or theoretical information until now. In this paper, due to the known fact that the radiative process B * c → B c γ dominates the decays of B * c meson, the approximation Γ tot (B * c ) Γ(B * c → B c γ) is taken. The theoretical predictions for Γ(B * c → B c γ) have been given in some theoretical models [62] [63] [64] [65] [66] [67] [68] [69] [70] ; the numerical results are summarized in Table 2 . Unfortunately, because the photon is not hard enough, these estimations suffer from large uncertainties. From Table 2 , it can be seen that most of the theoretical predictions are in the range [20, 80] eV except for 135 eV given by Ref. [63] . Therefore, to give a quantitative estimation, we take a conservative choice,
c → B c γ) = (50 ± 30) eV, in our numerical evaluation, which leads to a large theoretical uncertainty. [49] [50] [51] to fit data. However, for the nonleptonic B c decays, the authors of Refs. [32, 71] find that a relatively large ω ∼ 0.8 GeV may be a reasonable choice. Taking ω = 0.4 , 0.6 , 0.8 GeV, our Table 3 . In the LFQM, the parameter β in Eq. (41) Comparing these results with the ones listed in Table 3 , it can be easily found that the predictions in the BSW model with ω ∼ [0.7, 0.8] GeV are consistent with the ones in the LFQM. As is mentioned above, such value is also suggested for B c decays by Refs. [32, 71] . Therefore, in this paper, we take ω = 0.7 ± 0.1 GeV. Then, we can obtain the numerical results in the BSW model, Using the values of inputs given above and the theoretical formula given in the last section, we then present our theoretical prediction and discussion for the B c → J/ψV and B * c → η c V decays. Our numerical results for the observables at the scale of µ = m b are summarized in Tables 4 and 5 . For the branching fractions, the two errors in Table 4 and the first two errors in Table 5 are caused by the inputs listed in Table 1 and the form factors, respectively; and the third error in Table 5 is caused by the decay width of B * c . For the polarization fractions in Tables 4 and 5 , only the error induced by the form factors are given because the errors induced by the other inputs are numerically negligible. The followings are some analyses and discussions:
• Due to the hierarchy of the CKM matrix elements |V ud | > |V us |, there obviously exist the relations,
Moreover, according to the magnitude of |V ud | ∼ 1 and |V us | ∼ λ, it is expected that
which is required by the SU (3) flavor symmetry. These relations can be easily tested from the results listed in Tables 4 and 5 .
• The expected B c cross section at the LHC is at the level of 1µb [5] and the integrated luminosity will reach up to 50 fb −1 (10 years) at LHCb [77] , so a very large number of B c will be produced and recorded. The estimation in Ref. [6] shows that about 4.5 × 10 10 B c samples can be produced per year at LHC. As it is clear from Table 4 , branching fractions of B c → J/ψρ − and J/ψK * − decay modes are large enough for reliable measurements at LHCb in the future.
Assuming σ(B * c ) ∼ 0.5µb and using the results in Table 5 , about 755 and 43 signal events are expected for B * c → η c ρ − and η c K * − decays, respectively, with total 50 fb −1 of data.
However, after considering the reconstruction efficiency, these decay modes are not very easy to be observed by LHCb.
• In Table 4 , the predictions given in the previous works [31, [74] [75] [76] are also listed for comparison. There results are obtained with the form factors estimated in the relativistic quark model [74, 75] , relativistic independent quark model [31] and QCD sum rules [76] , respectively. It can be found that our results (central values) for the branching fractions are a little larger than the ones in Refs. [31, 74, 75] , but smaller than the ones in Ref. [76] .
These theoretical results are generally coincide with each other within errors.
The previous works aforementioned are based on the naive factorization (NF) approach, which results in a 0,∓ 1
In this work, we find that
are enhanced by a factor of about (3.4, 2.8, 5.0)% by vertex QCD corrections, and the total correction to the branching fraction is about 8%.
• In the previous works for the b → c induced two-body non-leptonic B decays, the transverse contributions are usually neglected because they are power-suppressed relative to the longitudinal amplitude. For the decay modes considered in this paper, it is expected that the polarization amplitudes satisfy relation A 0 : A − : A + ∼ 1 :
for B c → J/ΨV decays and 1 : • From Tables 4 and 5 , it can be found that the large theoretical errors for the branching 
Moreover, the uncertainties can be further reduced for a given polarization component, for instance, R 
which is expected to be equal to R
approximately. It should be noted that the theoretical prediction for R λ=0 K * /ρ is independent of the decay constant, and therefore, the theoretical uncertainties can be further reduced. Numerically, we find that our prediction R 
Summary
With the running and upgrading of the LHCb experiment, huge amounts of B c and B * c mesons will be produced, which provides us with a possibility of searching for their weak decays. In this paper, the nonleptonic two-body B c → J/ψV and B and R (λ=0) K * /ρ ; and our prediction R λ=0 K * /ρ = 0.053 ± 0.001 are in good consistence with the data R K/π = 0.055 ± 0.005 within 1σ error. Some of the results and findings will be tested by the LHCb experiment in the near future.
